
4.4 – Linear Independence

De!nition: If 𝜔 = {𝛚1, 𝛚2,… , 𝛚𝜀} is a set of two or more vectors in a vector

space 𝜗 , then 𝜔 is said to be a linearly independent set if no vector in 𝜔 can be
expressed as a linear combination of the others. A set that is not linearly inde-

pendent is said to be linearly dependent. If 𝜔 has only one vector, we will agree
that it is linearly independent if and only if that vector is nonzero.

Theorem 4.4.1 A nonempty set 𝜔 = {𝛚1, 𝛚2, … , 𝛚𝜀} in a vector space 𝜗 is lin-

early independent if and only if the only coe!cients satisfying the vector equa-

tion 𝜛1 𝛚1 + 𝜛2 𝛚2 + … + 𝜛𝜀 𝛚𝜀 = 𝛆 are 𝜛1 = 0, 𝜛2 = 0, … , 𝜛𝜀 = 0.
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#3 In each part, determine whether the vectors are linearly independent or are

linearly dependent in 𝜚4.
a. (3, 8, 7, ω3), (1, 5, 3, ω1), (2, ω1, 2, 6), (4, 2, 6, 4)
b. (3, 0, ω3, 6), (0, 2, 3, 1), (0, ω2, ω2, 0), (ω2, 1, 2, 1)
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#6 Determine all values of 𝜛 for which the following matrices are linearly inde-

pendent in𝜍22.⌋1 01 𝜛⌈, ⌋ω1 0𝜛 1⌈, ⌋2 01 3⌈
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#9

a. Show that the three vectors 𝛚1 = (0, 3, 1, ω1), 𝛚2 = (6, 0, 5, 1),𝛚3 = (4, ω7, 1, 3) form a linearly dependent set in 𝜚4.
b. Express each vector in part (a) as a linear combination of the other two.

#14 In each part, let 𝜑𝛻 ε 𝜚3 ⋛ 𝜚3 be multiplication by 𝛻 and let 𝛝1 = (1, 0, 0),𝛝2 = (2, ω1, 1), and 𝛝3 = (0, 1, 1). Determine whether the set{𝜑𝛻 (𝛝1) , 𝜑𝛻 (𝛝2) , 𝜑𝛻 (𝛝3)} is linearly independent in 𝜚3.
a. 𝛻 = ⌉{{{}

1 1 21 0 ω32 2 0
⦃⦄⦄⦄⟨

b. 𝛻 = ⌉{{{}
1 1 11 1 ω32 2 0

⦃⦄⦄⦄⟨
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Theorem 4.4.2

a) A set with "nitely many vectors that contains 𝛆 is linearly dependent.
b) A set with exactly two vectors is linearly independent if and only if neither

vector is a scalar multiple of the other.

Theorem 4.4.3 Let 𝜔 = {𝛚1, 𝛚2, … , 𝛚𝜀} be a set of vectors in 𝜚𝜕. If 𝜀 > 𝜕, then 𝜔
is linearly dependent.

This essentially boils down to a matrix

equation and a system that has more

columns than rows and so contains
free variables



De!nition: If 𝛡1 = ℵ1(ℶ), 𝛡2 = ℵ2(ℶ), … , 𝛡𝜕 = ℵ𝜕(ℶ) are functions that are 𝜕ω1
times di#erentiable on the interval (ωϑ, ϑ), then the determinant

ℷ (ℶ) = ⟩⟩⟩⟩⟩⟩⟩⟩⟩
ℵ1(ℶ) ℵ2(ℶ) ⋜ ℵ𝜕(ℶ)ℵ ϖ1 (ℶ) ℵ ϖ2 (ℶ) ⋜ ℵ ϖ𝜕(ℶ)⋝ ⋝ ⋝ℵ (𝜕ω1)1 (ℶ) ℵ (𝜕ω1)2 (ℶ) ⋜ ℵ (𝜕ω1)𝜕 (ℶ)

⟩⟩⟩⟩⟩⟩⟩⟩⟩
is called theWronskian of ℵ1, ℵ2,… , ℵ𝜕.
Theorem 4.4.4 If the functions 𝛡1, 𝛡2, … , 𝛡𝜕 have 𝜕ω1 continuous derivatives on
the interval (ωϑ, ϑ), and if the Wronskian of these functions is not identically

zero on (ωϑ, ϑ), then these functions form a linearly independent set of vectors

in ℸ(𝜕ω1)(ωϑ, ϑ).
#19 Use the Wronskian to show that the following sets of vectors are linearly

independent.

a. 1, ℶ , ⊳ℶ
b. 1, ℶ , ℶ2
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Consider 1 cos 2x sin x

This is a dependent set

Cos 2x 1 2sin x Cos2 1 254 0

and I cos2 sin

d EE g l
1
2sin2xsin2xp4cos2x2cos2x

4sin2xcos2x 4cos 2 sin2x 0


